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Abstract— The linear quadratic tracking control problem is
studied for a class of discrete-time uncertain Markov jump
linear systems with time-varying conditional distributions. The
controller is designed under the assumption that it has no access
to the true states of the Markov chain, but rather it depends
on the Markov chain state estimates. To deal with uncertainty,
the transition probabilities of Markov state estimates between
the different operating modes of the system are considered
to belong in an ambiguity set of some nominal transition
probabilities. The estimation problem is solved via the one-step
forward Viterbi algorithm, while the stochastic control problem
is solved via minimax optimization theory. An optimal control
policy with some desired robustness properties is designed, and
a maximizing time-varying transition probability distribution
is obtained. A numerical example is given to illustrate the
applicability and effectiveness of the proposed approach.

I. I NTRODUCTION
Markov jump linear systems (MJLS) form a class of linear
dynamical systems in which the jumps between the system’s
different operating modes are modulated according to an
underlying Markov chain (MC). Such systems have received
increased attention due to their ability to characterize and
model a variety of practical situations such as tracking
control systems, fault-tolerant control systems, networked
control systems, and others [1]–[3]. In practice, the designer
of MJLS faces two different issues. The first issue concerns
the information structure available to the controller, that is,
whether or not the system states (both Markov and linear
states) are accessible to the controller. This accessibility is a
problem of state estimation [4]–[7]. The second issue concerns uncertainty (both model and Markov uncertainty). This
uncertainty is a problem of robust control [8]–[13]. When
not dealt with, both issues might lead to inconsistencies, and
compromise the utility of the whole system.
In this paper, our focus is on linear quadratic (LQ) tracking
control problems for the scenario in which: (i) the Markov
states are not accessible to the controller, and (ii) the underlying MC is uncertain. The main objective is to develop an
LQ optimization approach that applies to hidden MJLS with
time-varying conditional distributions, and that is capable of
reducing the influence of uncertainty on the performance of
the optimal controller. To achieve this both the problems of
estimation and control are addressed. In particular, the state
estimation problem is addressed by employing the one-step
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forward Viterbi algorithm, which is implemented as soon
as a new observation of the state is obtained. On the other
hand, the robust control problem is addressed via minimax
optimization using a dynamic programming approach. To
capture and reduce the influence of uncertainty, an ambiguity
set formed with all probability distributions within a total
variation distance from a nominal estimate is considered.
The rest of the paper is organised as follows. In Section
II the LQ tracking problem is formulated, and the one-step
forward Viterbi algorithm is introduced. In Section III the
solution of the problem is derived, along with a maximizing,
time-varying, conditional distribution. In Section IV the
implementation of the proposed approach is discussed and an
algorithm is proposed. In Section V an example is solved to
illustrate the effectiveness of the proposed approach. Finally,
in Section VI we give some concluding remarks.
II. P ROBLEM F ORMULATION
A. Model description and the Viterbi algorithm
Consider a discrete-time control system with linear state
dynamics defined by
xk+1 = Ak (θk )xk + Bk (θk )uk ,

x1 = x

(1)

and modulated by a finite-state non-homogeneous MC
{θk , k ≥ 1} ∈ Θ. Here, xk ∈ X , Rn and uk ∈ U , Rm
are the state and control processes, respectively. It is assumed
that: (1) we have complete observations of the system’s state,
and (2) the dynamics matrices Ak (θk ) ∈ Rn×n and the input
matrices Bk (θk ) ∈ Rm×m are known for each θk ∈ Θ with
bounded and measurable entries for each k = 1, 2, . . . , N −1.
Furthermore, we consider the case where the state of the MC
{θk , k ≥ 1} is not observable, and hence, both the control
and the controlled processes will depend on the state estimate
of the MC. To this end, next we introduce the definition
of a hidden Markov model, and an estimation algorithm
which will be used to estimate the state of the MC. A
systematic review of hidden Markov models along with their
applications can be found in [14].
Consider a finite-state, non-homogeneous, first-order, hidden Markov model (HMM) specified by the following components: (i) A set of hidden states {θk , k ≥ 1}, taking values
from a finite alphabet set Θ with cardinality |Θ| = nθ , (ii)
a set of observed variables {zk , k ≥ 1}, taking values from
a finite alphabet set Z with cardinality |Z| = nz , (iii) a
time-varying transition probability distribution
qij (k) , Pk (θk+1 = j|θ1 , . . . , θk = i)
= Pk (θk+1 = j|θk = i),

i, j ∈ Θ

2336

Authorized licensed use limited to: University of Cyprus. Downloaded on April 05,2022 at 18:29:23 UTC from IEEE Xplore. Restrictions apply.

where qij (k) ≥ 0 represents the probability of moving
from Pstate i at time k to state j at time k + 1 such
that
j∈Θ qij (k) = 1, ∀i ∈ Θ, (iv) a time-varying output/emission probability distribution
eis (k) , Pk (zk = s|θ1 , . . . , θk = i, z1 , . . . , zk−1 )
= Pk (zk = s|θk = i),

s ∈ Z, i ∈ Θ

where eis (·) represents the probability that zk = s is
observed at time k given the state θk = i, and (v) an initial
probability distribution π(i) = P (θ1 = i), i ∈ Θ.
For a hidden Markov model and an observation sequence
z1:N , {z1 , z2 , . . . , zN }, we wish to compute the most
probable sequence of hidden states, that is,
∗
θ1:N

= arg max P (θ1:N |z1:N )
θ1:N

µk+1 (θk+1 ) , max P (θ1:k+1 , z1:k+1 )
θ1:k

= max P (zk+1 |θk+1 )P (θk+1 |θk )µk (θk ) (3a)
θk

(3b)

for k = 1, 2, . . . , N −1. Then, the total maximizing probability is obtained by performing one last maximization, that is,
maxθN µN (θN ) , maxθ1:N P (θ1:N , z1:N ), and the sequence
∗
is obtained by simply backtracing the
of hidden states θ1:N
sequence which led to the total maximizing probability. The
above algorithm, which is referred to as the Viterbi algorithm
[15], is implemented as soon as a new observation of the
hidden state is obtained.
The state estimate θ̂t for each time-step t = 1, 2, . . . , N ,
is obtained by defining
θ̂t , arg max µt (θt ).
θt

xgk+1 = Ak (θ̂k )xgk + Bk (θ̂k )gk (xk , θ̂k ).

(4)

By backtracing the sequence of states which led to θ̂t
then the most probable sequence of hidden states given the
observations up to and including time t can be obtained, and
∗,t
= {θ1∗,t , . . . , θt∗,t }, t = 1, 2, . . . , N .
will be denoted by θ1:t
Note that, although θs∗,t = θ̂s for s = t, it is not necessarily
true that θs∗,t = θ̂s for s 6= t. In Section IV, we further
discuss the implementation of the estimation algorithm in
practice. For the rest of the paper, we will refer to the above
procedure as the one-step forward Viterbi algorithm.
B. Set of nominal control policies
Assume that for the construction of uk at any time k =
1, 2, . . . , N −1, the controller has complete state information
about xk , and (using the one-step forward Viterbi algorithm)
it has available information about θ̂k ∈ Θ. The set G of
control policies is the set of measurable Markov feedback
control policies g : X × Θ 7−→ U, g ∈ G. Then, associated

(5)

The control process is defined by ugk , gk (xk , θ̂k ), where
PN −1
ug ∈ U[1,N −1] with U[1,N −1] = {ugk ∈ U : E k=1 |uk |2 <
∞}. For simplicity, the dependence of the controlled process
xg , and the control process ug , on the policy g ∈ G will not
be explicitly captured in our notation for the rest of the paper.
As an approximation of the true transition probability
distribution Pk (θ̂k+1 = j|θ̂1 , . . . , θ̂k = i) of the estimator,
we consider a Markov, time-invariant transition probability
distribution
p0ij , P (θ̂k+1 = j|θ̂1 , . . . , θ̂k = i)

(2)

∗
or, equivalently, θ1:N
= arg maxθ1:N P (θ1:N , z1:N ), where
P (θ1:N , z1:N ) = P (θ1:N |z1:N )P (z1:N ), and θ1:N ,
{θ1 , θ2 , . . . , θN }. The solution of the above problem is
obtained by defining the recursions

µ1 (θ1 ) , P (θ1 , z1 ) = P (z1 |θ1 )P (θ1 )

with the open-loop system (1), and the control policy g ∈ G,
the nominal closed-loop system is given by the recursion

= P (θ̂k+1 = j|θ̂k = i),

i, j ∈ Θ.

(6)

p0ij

We will refer to
as the “nominal” transition probability
distribution. Given θ̂1:N , {θ̂1 , . . . , θ̂N }, the maximum
likelihood estimates for the nominal transition probability
distribution [16], are
PN
nij (t)
0
pij = Pnθ t=2
, i, j ∈ Θ
(7)
PN
m=1
t=2 nim (t)
where nij (t) denotes the number of occurrences in state
θ̂t−1 = i at time t − 1 and state θ̂t = j at time t.
C. Ambiguity class
Any uncertainty on the conditional distribution of the
underlying MC, either on the transition probability distribution or the emission probability distribution or in both,
will typically affect the MC state estimate and, consequently,
the optimality of the controller. To reduce the influence of
uncertainty on the performance of the optimal controller, the
proposed method relies on the availability of a nominal transition probability distribution, as defined by (6). In particular,
the ambiguity set is formed with all time-varying, transition
probability distributions whose distance from the nominal
distribution is within a radius RT V . Parameter RT V ∈ [0, 2]
controls the size of the ambiguity set, and its value is preselected by the decision maker based on its own belief on
the nominal probability distribution.
Toward this end, let us define the set of transition probability distributions on Θ by
X

Pk (Θ|i) , pi• (k) : pij (k) ≥ 0, ∀j ∈ Θ,
pij (k) = 1
j∈Θ

for all i ∈ Θ, and k = 1, 2, . . . , N − 1. The ambiguity set of
all possible, time-varying, transition probability distributions
is defined by

B(i, k) , pi• (k) ∈ Pk (Θ|i) :
X
|pij (k) − p0ij | ≤ RT V (i, k)
(8)
j∈Θ

where RT V (i, k) ∈ [0, 2], i ∈ Θ, k = 1, 2, . . . , N − 1. In
addition, we define
B(k) , {pi• (k) ∈ B(i, k), i = 1, 2, . . . , |Θ|}.
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(9)

We note that, (8) allows different levels of ambiguity to be
assigned between different operating modes of the system, a
feature which can be proved useful in many applications.

recursion. Next, we will show by backward induction that
the solution is of the following form

D. Optimal stochastic control problem

for k = 1, . . . , N , θ̂k = i ∈ Θ, fk (i) ∈ Rn , rk (i) ∈ R, and
some matrices Pk (i)  0.
For k = N , the induction hypothesis in (13) is true
with PN (i) = QN (i), fN (i) = −2QN (i)x̄N , and rN (i) =
x̄TN QN (i)x̄N , i ∈ Θ. Then, PN (i) = PN (i)T  0 and
VN (x, i) = xT PN (i)x + xT fN (i) + rN (i). Suppose that
for t = k + 1, k + 2, . . . , N , Pt (i) = Pt (i)T  0 and
Vt (x, i) = xT Pt (i)x + xT ft (i) + rt (i). It will be shown
that then Vk (x, i) = xT Pk (i)x + xT fk (i) + rk (i), where
Pk (i) = Pk (i)T  0. To this end, we re-write (12b) as
follows

Vk (x, i) = min (x − x̄k )T Qk (i)(x − x̄k ) + uTk Rk (i)uk
uk ∈U
X Z

+ max
Vk+1 (xk+1 , j)P g (xk+1 |x, i) pij (k)

Define the N -stage expected cost by

T
JN (g, p) , Eg,p
x,i (xN − x̄N ) QN (θ̂N )(xN − x̄N )
N
−1 

X
+
(xk − x̄k )T Qk (θ̂k )(xk − x̄k ) + uTk Rk (θ̂k )uk
k=1

where x̄k denotes the desired or reference value of the state
vector, Eg,p
x,i [·] indicates the dependence of the expectation
operation on feedback Markov control policy g ∈ G, and
induced by a transition probability distribution pi• (k) ∈
B(i, k), for fixed initial data x1 = x and θ̂1 = i. Here,
Qk (·)  0 are n × n real symmetric positive semi-definite
matrices, and Rk (·)  0 are m × m real symmetric positive
definite matrices.
Minimax stochastic control problem: Find an optimal control policy g ∗ ∈ G, and a maximizing transition probability
distribution p∗i• (k) ∈ B(i, k), that causes the closed-loop
system (5) to follow a reference trajectory signal, by solving
the optimization problem
∗

∗

∗

J = JN (g , p ) , min
g∈G

max

JN (g, p).

Vk (x, i) = xT Pk (i)x + xT fk (i) + rk (i)

pi• ∈B(i,k)

and we define the sequence
Z
`k (xk , θ̂k , θ̂k+1 , uk ), Vk+1 (xk+1 , θ̂k+1 )P g (xk+1 |xk , θ̂k )
Xk+1

=

k=1,2,...,N

In the next section the solution of the minimax stochastic
control problem is provided.

For (k, x, i) ∈ {1, 2, . . . , N } × X × Θ let Vk (x, i) denote the minimal cost-to-go or value function on the time
horizon {k, k + 1, . . . , N }, given an optimal policy gt∗ (·),
t = 1, 2, . . . , k − 1, and worst case transition probability
distribution p∗i• (t) ∈ B(i, t), t = 1, 2, . . . , k − 1, defined by
Vk (x, i) =
N
−1
X

min

u∈U[k,N −1]

max
p(t)∈B(t)


Eg,p
x,i

t=k,k+1,...,N



+ rk+1 (θ̂k+1 ),

(15)

where (a) follows by the induction hypothesis and (5). Then,
(14) becomes

Vk (x, i) = min (x − x̄k )T Qk (i)(x − x̄k ) + uTk Rk (i)uk
uk ∈U

X
+ max
`k (x, i, j, uk )pij (k) , (16)
pi• ∈B(i,k)

j∈Θ

where pij (k) , P (θ̂k+1 = j|θ̂k = i). Next, we provide the
solution of the inner optimization in (16).
B. Worst case transition probability distribution

(xt − x̄t )T Qt (θ̂t )(xt − x̄t ) + uTt Rt (θ̂t )ut

First, let us define the maximum and minimum values of
(15) with respect to θ̂k+1 ∈ Θ, by



t=k

+ (xN − x̄N )T QN (θ̂N )(xN − x̄N )


T
Ak (θ̂k )xk + Bk (θ̂k )uk Pk+1 (θ̂k+1 ) Ak (θ̂k )xk
 
T
+ Bk (θ̂k )uk + Ak (θ̂k )xk + Bk (θ̂k )uk fk+1 (θ̂k+1 )

(a)

(10)

A. Dynamic programming

Xk+1

(14)

p(k)∈B(k)

III. P ROBLEM S OLUTION

j∈Θ

(13)



(11)

where
denotes conditional expectation given that
g
xk = x and θ̂k = i with x, i fixed. The dynamic programming algorithm gives [17]
VN (xN , θ̂N ) = (xN − x̄N )T QN (θ̂N )(xN − x̄N )
(12a)
g,p 
T
Vk (x, i)= min
max
Ex,i (x − x̄k ) Qk (i)(x − x̄k )
uk ∈U pi• (k)∈B(i,k)

+ uTk Rk (i)uk + Vk+1 (xk+1 , θ̂k+1 ) , x ∈ X .
(12b)

`max,k (xk , θ̂k , uk ) , max `k (xk , θ̂k , θ̂k+1 , uk )

(17)

`min,k (xk , θ̂k , uk ) , min `k (xk , θ̂k , θ̂k+1 , uk )

(18)

θ̂k+1 ∈Θ

Eg,p
x,i [·]

θ̂k+1 ∈Θ

and its corresponding sets of states that achieve the maximum
and minimum values of `k (xk , θ̂k , θ̂k+1 , uk ) by

Dynamic programming equation (12b) generates the value
function Vk (·) for all k = N − 1, N − 2, . . . , 1 by backward

Θ0 (k, θ̂k ) , {θ̂k+1 ∈ Θ : `k (xk , θ̂k , θ̂k+1 , uk )
= `max,k (xk , θ̂k , uk )}

(19)

Θ0 (k, θ̂k ) , {θ̂k+1 ∈ Θ : `k (xk , θ̂k , θ̂k+1 , uk )
= `min,k (xk , θ̂k , uk )}.
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(20)

For all remaining sequences, such that Θ0 (k, θ̂k ) ∪
Θ0 (k, θ̂k ) ⊂ Θ, and for 1 ≤ r ≤ |Θ \ {Θ0 (k, θ̂k ) ∪
Θ0 (k, θ̂k )}|, define recursively the set of states for which
(15) achieves its (j + 1)st smallest value by

C. Optimal control policy and optimal cost
Substituting (15) into (16), differentiating the right-side
of (16) with respect to uk and setting the derivative equal to
zero, we obtain
u∗k = −Lk (i)x − sk (i),

n

Θj (k, θ̂k ) , θ̂k+1 ∈ Θ : `k (xk , θ̂k , θ̂k+1 , uk ) = min
`k (xk , θ̂k , αk , uk ) : αk ∈ Θ\(Θ0 (k, θ̂k ) ∪ {
o
(∪ji=1 Θj−1 (k, θ̂k ))}) , j ∈ {1, 2, . . . , r} (21)


−1
Lk (i) = Rk (i) + BkT (i)EP
[P
(
θ̂
)]B
(i)
k+1
k+1
k
p∗
i•
× BkT (i)EP
[Pk+1 (θ̂k+1 )]Ak (i)
(25a)
p∗
i•


−1
1
[P
(
θ̂
)]B
(i)
Rk (i) + BkT (i)EP
sk (i) =
k+1
k+1
k
p∗
i•
2
T
P
× Bk (i)Ep∗i• [fk+1 (θ̂k+1 )]
(25b)

`Θj ,k (xk , θ̂k , uk ) ,
min

`k (xk , θ̂k , θ̂k+1 , uk ).

The notation EP
p [·] will be used to denote expectation with respect to the conditional distribution pij (k) over the identified
partition P(k, θ̂k ) , {Θ0 (k, θ̂k ), Θ0 (k, θ̂k ), . . . , Θr (k, θ̂k )}.
In addition, we define (x)+ , max{0, x}. The next theorem
characterizes the maximization in (16).
Theorem 3.1: Consider the inner optimization problem in
(16), with `k (xk , θ̂k , θ̂k+1 , uk ) defined as in (15). Then, the
solution is given by

By our assumption on Pk (·) and Rk (·), namely, the facts
that Pk (·) is a positive semi-definite matrix, and Rk (·)
is a positive definite matrix, it follows that Rk (·) +
BkT (·)E[Pk+1 ]Bk (·) is positive definite, and hence, the inverse in both (25a) and (25b) exists. Substituting (13) and
(24) into (16) it follows that Vk (x, i) = xT Pk (i)x +
xT fk (i) + rk (i) holds, with
Pk (i) = Qk (i) − LTk (i)BkT (i)EP
[Pk+1 (θ̂k+1 )]Ak (i)
p∗
i•
+ ATk (i)EP
[Pk+1 (θ̂k+1 )]Ak (i)
p∗
i•

− 2ATk (i)EP
[Pk+1 (θ̂k+1 )]Bk (i)sk (i)
(26b)
p∗
i•
1
[fk+1 (θ̂k+1 )]
rk (i) = x̄Tk Qk (i)x̄k − sTk (i)BkT (i)EP
p∗
i•
2
+ EP
[rk+1 (θ̂k+1 )].
(26c)
p∗
i•

j∈Θ0 (k,i)

X

p∗ij (k)

j∈Θ0 (k,i)

+

r
X

X

`k (x, i, θ̂k+1 ∈ Θs (k, i), uk )

s=1

p∗ij (k).

(22)

j∈Θs (k,i)

The maximizing, time-varying, transition probability distribution p∗i• (k) ∈ B(i, k), for each θ̂k = i ∈ Θ and k =
1, . . . , N , is given by
X

p∗ij (k) =
p∗ij (k) =

p∗ij (k)
j∈Θs (k,i)

 X

αi (k)
2

p0ij −

j∈Θ0 (k,i)

j∈Θ0 (k,i)

X

p0ij +

j∈Θ0 (k,i)

j∈Θ0 (k,i)

X

X

=

X

p0ij −
j∈Θs (k,i)

(23a)

αi (k) +
2

(26a)

fk (i) = −2Qk (i)x̄k + ATk (i)EP
[fk+1 (θ̂k+1 )]
p∗
i•

EP
p [`k (xk = x, θ̂k = i, θ̂k+1 , uk )]
pi• ∈B(i,k)
X
= `k (x, i, θ̂k+1 ∈ Θ0 (k, i), uk )
p∗ij (k)
max

+ `k (x, i, θ̂k+1 ∈ Θ0 (k, i), uk )

(24)

with

till all the elements of Θ are exhausted. Further, we define
the corresponding values of the sequence on these sets by

θ̂k+1 ∈Θ\(Θ0 (k,θ̂k )∪(∪ji=1 Θj−1 (k,θ̂k )))

for θ̂k = i

(23b)

s
 α (k) X
+ +
X
i
p0ij
−
2
z=1
j∈Θz−1 (k,i)

for s = 1, 2, . . . , r (23c)

X

p0ij . (23d)
αi (k) = min RT V (i, k), 2 1−
j∈Θ0 (k,i)

Proof: The proof is similar to that of the problem
addressed in [18], [19], and hence, it is omitted.
The main feature of the time-varying maximizing transition probability distribution (23) is its characterization
via a water-filling solution based on the nominal transition
probability distribution, and the TV distance parameter RT V .

In addition, the optimal cost for the minimax stochastic
∗ ∗
problem (10) is given by J ∗ = Eg ,p [V1 (x1 , θ̂1 )].
Before we proceed with the implementation of the solution, first we redefine the sequence `k (xk , θ̂k , θ̂k+1 , uk ). In
particular, by utilizing the structure of the optimal control as
given by (24), then `k (xk , θ̂k , θ̂k+1 , uk ) = `k (xk , θ̂k , θ̂k+1 )
where

T
`k (xk , θ̂k , θ̂k+1 ) , xTk Ak (θ̂k ) − Bk (θ̂k )Lk (θ̂k )


Pk+1 (θ̂k+1 ) Ak (θ̂k ) − Bk (θ̂k )Lk (θ̂k ) xk − xTk
T 
2Pk+1 (θ̂k+1 )Bk (θ̂k )sk (θ̂k )
Ak (θ̂k ) − Bk (θ̂k )Lk (θ̂k )


− fk+1 (θ̂k+1 ) − sTk (θ̂k )BkT (θ̂k ) fk+1 (θ̂k+1 )

− Pk+1 (θ̂k+1 )Bk (θ̂k )sk (θ̂k ) + rk+1 (θ̂k+1 ).
(27)
By (27), it follows that the results of Section III-B, including
Theorem 3.1, can be expressed in terms of (27). In the next
section, we discuss the implementation of the solution.
IV. I MPLEMENTATION OF THE S OLUTION
Recall that the solution of the estimation problem is
to be obtained by employing the one-step forward Viterbi
algorithm. Specifically, the algorithm at each time step has
to carry out the maximization in (3) for each θk+1 ∈ Θ,
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and then choose among all θk+1 the one which maximizes
(4). The above procedure suggests that at every time step
we need to remember for all θk+1 ∈ Θ the following: (i) the
probability µk+1 (θk+1 ); (ii) the previous state θk ∈ Θ, which
achieves the maximum in (3); and (iii) the state estimate
θ̂k+1 ∈ Θ, which maximizes (4). On the other hand, the
solution of the control problem requires a solution of the
estimation problem. In particular, the solution of the control
problem requires at each time step k the use of the MC state
estimate θ̂k . Note that, the estimation sequence θ̂1:N might
be different than the most probable sequence of hidden states
∗
θ1:N
. Next, an algorithm is proposed.
Algorithm 4.1: Input data: Ak (θk ) ∈ Rn×n , Bk (θk ) ∈
Rn×m , Qk (θk ) ∈ Rn×n , and Rk (θk ) ∈ Rm×m . Choose: (i)
the TV distance parameter RT V (θk , k) ∈ [0, 2], (ii) the transition probability distribution qij (k), (iii) the output/emission
probability distribution eis (k), and the initial probability
distribution π(i). Set: (iv) the initial state x1 .
• As soon as a new observation is obtained apply the onestep forward Viterbi algorithm to find the state estimate,
as given by (4).
• As soon as all observations z1 , . . . , zN are obtained do:
1: Evaluate p0ij , as given by (7).
2: (Backward recursion) For k = N −1, N −2, . . . , 1,
calculate recursively:
a) the feedback gain matrices Lk (θ̂k ), and sk (θ̂k )
for θ̂k = i (i = 1, 2, . . . , nθ ), as given by (25)
(but with p0ij replacing p∗ij (k));
b) the Riccati equations Pk (θ̂k ), fk (θ̂k ), and
rk (θ̂k ) for θ̂k = i (i = 1, 2, . . . , nθ ), as given
by (26) (but with p0ij replacing p∗ij (k));
3: (Forward recursion) For k = 1, 2, . . . , N − 1
calculate recursively:
a) the sequence `k (xk , θ̂k , θ̂k+1 ) and the partition
P(k, θ̂k ), for θ̂k = i (i = 1, 2, . . . , nθ ), and
θ̂k+1 = j (j = 1, 2, . . . , nθ );
b) the maximizing probability distribution p∗i• (k),
as given by (23), for θ̂k = i (i = 1, 2, . . . , nθ );
c) the control policy u∗k and the state xk+1 ;
4: (Update step)
a) Repeat step 1, using the maximizing probability distribution p∗i• (k) as obtained in step 2;
b) update the solution of u∗k and xk+1 , using the
results of step 3a).
An important practical aspect of Algorithm 4.1 is that
due to the separation that exists between the solution of
the estimation problem and the control problem, alternative
estimation algorithms, other than the Viterbi, may also be
used. In the next section, a numerical example (drawn from
[8] and modified to incorporate a two-state HMM) is solved
to illustrate the capabilities of the proposed approach.
V. N UMERICAL E XAMPLE
Consider (1) with number of states n = 2, and number of
different operating modes nθ = 2. The dynamics and input

matrices, for each operating mode of (1), are given by




0.99 0.53
0.0013
Ak (θk =1) =
, Bk (θk =1) =
−0.10 1.15
0.0539




1
−0.59
0.02
Ak (θk =2) =
, Bk (θk =2) =
.
−0.025
0
0.10
Note that, under both its operating modes the system is
unstable but completely controllable. The state cost matrices
are given by


0.5
0
Qk (θk = 1) = Qk (θk = 2) =
0 0.05
with QN (θN = 1) = QN (θN = 2) = Qk (θk = 1), and input
cost Rk (θk = 1) = Rk (θk = 2) = 0.01. The final time is
set equal to N = 200, with initial conditions x0 = [2 0]T ,
and a reference trajectory signal given by x̄k = [10(1 −
exp(−0.05k)) 0]T for k = 1, 2, . . . , N . A two-state HMM
is considered with




0.45 0.55
0.1 0.9
qij (k) =
, eis (k) =
0.6
0.4
0.8 0.2
for i, j ∈ Θ, s ∈ Z, and ∀k. The initial probability
distribution of the HMM is set equal to π = [0.5 0.5]T .
For the sake of this example, the true transition probability
distribution of the HMM is assumed to be known and given
by:


0.9 0.1
true
, for k = 1, 2, . . . , N/2,
qij (k) =
0.1 0.9


0.7 0.3
true
qij
(k) =
, for k = N/2 + 1, . . . , N − 1.
0.4 0.6
The TV distance parameter is set equal to:
RT V (1, k) = RT V (2, k) = α,
RT V (1, k) = RT V (2, k) = α/2,

k = 1, 2, . . . , N/2,
k = N/2 + 1, . . . , N −1

with α ∈ [0, 2]. We will refer to the HMM under the
true transition probability distribution as the “true HMM”,
and to the HMM under the nominal transition probability
distribution as the “nominal HMM”. For the solution of the
problem two scenarios are considered:
(S1) Assume that the nominal HMM is correct, and hence,
no uncertainty is present. This scenario is achieved by
setting α = 0.
(S2) Assume that the nominal HMM is uncertain. This
scenario is achieved by setting α > 0.
For the implementation of both scenarios, Algorithm 4.1 is
employed, with the system’s jumps/transitions between the
different operating modes realized in simulations using the
true HMM. The optimal results are obtained by performing
a total of 103 Monte Carlo realizations of the HMM. The
mean values of the optimal trajectories and control policies
for scenarios (S1) – (S2), are as shown in Figure 1.
Figure 1(a) depicts the optimal trajectory and the optimal
LQ controller under (S1). We immediately notice the effect
of uncertainty on the LQ trajectory tracking performance,
which causes a considerable difference between the optimal
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Fig. 1: Solution of the LQ trajectory tracking problem for different values of the TV distance parameter. Top row graphs
depict the optimal state trajectories. Bottom row graphs depict the optimal LQ controller.
trajectory x∗k and the reference trajectory signal x̄k . This is
to be expected since the optimal controller is evaluated by
assuming that the nominal and the true transition probability
distribution of the HMM are equal, and hence, any uncertainty affects the optimality of the LQ controller.
On the contrary, Figures 1(b) and 1(c) confirm that the
proposed LQ trajectory tracking approach restricts the influence of uncertainty on the performance of the optimal
LQ controller. In particular, by allowing the TV distance
parameter to increase we observe that the difference between
x∗k and x̄k is reduced. This behavior is expected since under
scenario (S2) the optimal controller is evaluated using the
worst-case transition probability distribution over all possible
transition probability distributions of the HMM within the
TV distance ambiguity set, and as a result, the optimal
controller is more robust with respect to uncertainty and
more effective in achieving its tracking objectives. As a final
remark, we note that the “tail” which appears as t → 200
occurs because the optimal controller anticipates the end of
the control interval. Thus, the controller conserves control
effort by allowing x∗ to deviate from its reference trajectory.
VI. C ONCLUSION
The LQ tracking control problem is analyzed for MJLS
with hidden states, and uncertain conditional distributions.
Both problems of state estimation and robust control are addressed, resulting in a maximizing, time-varying conditional
distribution, and in an optimal control policy with some
desired robustness properties. Results validate the capability
of the approach on restricting the influence of uncertainty and
on ensuring the optimal performance of the LQ controller.
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